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1. Introduction

We are motivated by the situation where the rate at which inventory level
at a store changes depends on the inventory level. Such situations arise for
example when the amount of product on display affects the rate at which
it sells, the existence of lateral transshipments in a multiple store system,
and the situation where a fraction of demand is backordered and the rest
become lost sales. The reader may see [Urban 2005] for a survey of models
with inventory level dependent demand. We are also motivated by the need
[Bendre and Thorstenson 2008] and [Hill 1992] to estimate average inventory
levels for the usual (r,q) lost sales model with multiple orders outstanding. To
these ends we develop a model which generalizes the usual continuous review
(r,q) model with constant lead time and multiple orders outstanding. We then
derive a system of integral equations for an embedded process, which when
solved provides the equilibrium distribution of inventory levels for the system.
Even when customer demand at a store does not depend on inventory level,
lateral transshipments and partial backlogging can make the effective rate at
which inventory level changes depend on the level itself. Thus, to obtain costs
for such a system, it is useful to be able to compute the average fraction of time
spent at a given inventory level.

2. Model

In this model, we use the phrase inventory level to refer to a state variable
[ which takes integer values. We interpret [ > 0 as a retailer’s on-hand inven-
tory (not including pending orders), and I < 0 as units which are committed
to backorders. We use effective rate to refer to the rate parameter \; of the
exponential random variable X; with density function \;e~**. We intepret X;
as the amount of time to transition from state [ to state [ — 1 in the absence of
outstanding orders.
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Example 1. For a standard lost sales model, we would have A\; = X for 1 > 0
and g = 0.

Example 2. Customers at a retailer demand units one at a time with Poisson
rate \. When I > C > 0, lateral transhipments contribute a Poisson demand
with rate 3. When K <1 <0, half of the customer demand is backordered and
the other half are lost sales. When | < K, no more backorders are allowed by
the retailer. In this situation we have

A+B ifl>C
_ Aafo<i<C
A= A K <1<0 (1)
0 ifl<K

Replenishment orders for quantity ¢ with constant lead time 7 are placed
when the inventory level transitions from r — kg + 1 to r — kg, for £ > 0. This is
equivalent to triggering an order when the net inventory position [Hadley and Whitin 1963]
transitions from r+1 to . When an order arrives, the inventory level transitions
from [ to [ + q.

Assumption 3. We require that \;, = 0 for some inventory level Iy, and all
1 <lgp.

With this assumption, the maximum number of orders outstanding at any

one time is the largest integer Ny such that Ny < ’"_qlL + 1.

3. Procedure

We wish to find the average long run fraction of time a(l) spent in inventory
level [, and proceed as follows. First, in the spirit of [Johansen and Thorstenson 2004],
we find an embedded Markov process M with states s. State changes in the
embedded process are triggered when orders arrive or when orders are placed.
Next we calculate the expected amount of time spent at inventory level [ while
visiting an M state s. Then, the state transition probabilities and equilibrium
equations of the embedded process M are derived. The equilibrium distribution
of M and the law of total expectation are then used to find the fraction of time
spent in an inventory level .

4. Embedded process M

The embedded Markov process M has states s = (I,1,t2,...,tn,) where
is inventory level, and the ¢;, with 0 <¢; <t5... <tn, < 7, are the times until
oustanding orders are due to arrive. We will use 0% to indicate a vector of k
zeros. An M state in which there are k outstanding orders can be denoted by

s = (l,O,O,...,O,tNO_k+1,...,tNO)

= (la(_)'NO_kvtNofk+la-~-7tN0)

where l=r—(k—1)g—dwith0<d<gand 0 <t; <7.



4.1. M state transitions

State transitions of M occur when an order is placed or an order arrives.
Case 1 - No orders outstanding

There are no orders outstanding when s = (I, GN") with r <1 <74 ¢q. The
state s can only transition to state (r,0No=1 7).

Case 2 - k orders outstanding, 1 < k < Ny

Let s = (l,@N"*k,tNO_kH, ...,tN,) be the current M state, with
r—kqg <l <r—(k—1)q. The following can occur :

1. The next reorder point r — kg is hit in a time ¢ < ty,_k4+1 from now. In
this case, another order is placed. M transitions to state

s = (r—kq, 0N F Lty i =t tN, — 8, T).

2. The order due to arrive in time ¢n,_x+1 arrives before level r — kq is hit.
Let d with d < [ — r 4+ kq be the decrease in inventory level during time
tNy—k+1. M transitions to

s =(1—d+q 0" N kia — ENg—kt1s- - BNy — ENp— k1)
resulting in one fewer outstainding orders.
Case 3 - Ny orders outstanding

The current state is s = (I,t1,ta,...,tN,) With
r— Nog <l <1 <r—(Ng—1)q. The next order is due to arrive in time ¢;.
Since A\;; = 0 the inventory level can only decrease by d < | — [1, during time
t1. M will transition to a state

5:(l*dﬁ*q,(),tgftl,...,t]\fo7151).

Remark 4. A) It is clear that the only M states with Ny outstanding orders
are s = (T — (NQ - 1)q7t17t27 [N ,tNU_l,T).

B) When the system hits a reorder point from above, the next M state has
tNo =T.

C) When an order arrives, the next M state has ty, < 7, and ty, is almost
surely strictly less than T ( tn, = T requires new order to be placed instantly
before a pending order arrives).



4.2. Expected time at inventory levels while in an M state

Let ¢(s,1) denote the expected time spent at inventory level [ while visiting
M state s.

Case 1 - No orders outstanding

The M state vistited is s = (I/,0N0) where 7 < I’ < 7 + ¢q. Only inventory
levels [ with r < I <1’ can be hit while in M state s. There are no outstanding
orders, so if inventory level [ is hit, the system remains at level [ for an expected
time )\% So we have for s = (I',0N°) with r < I' <r +g¢

1 <
c(s,l){Al ifr <1<l @

~—

0 otherwise
Case 2 - k orders outstanding, 1 < k < Ny

Let s = (I',0No=% tn, _1i1,...,tN,) be the current M state, with
r—kq <l <r—(k—1)q. From this state, the system can hit inventory levels
I with r — kg < I <I’. The time until the next order arrives is ty,—x+1 so the
expected time spent in level [ while in M state s is given by
h(I',l,tNg—k+1), where h() is given in the appendix.
So we have for s = (l’,GNO_k,tNO_k+1, coytng) with r — kg <l <7 — (k= 1)g

AU LtNgrsr) ifr—kg<I<U
cfs,1) = { 0 otherwise (3)

Case 3 - Ny orders outstanding

The curent state is s = (I, t1,t2, ..., tn,) With
r— Nog <l <1'=r—(Ng—1)g. The next order is due to arrive in time ¢;.
Similar to Case 2 we have

C(S l){ h(r_(NO_l)qutl) if r — Nog <lp, Slgl/:r—(]\[o_l)q

0 otherwise
(4)

4.8. M state transition probabilities

Let p(s1,$2) denote the probability mass or probability density of transi-
tioning from M state s; to M state so.

Case 1 - No orders outstanding
The current M state vistited is s1 = (1, 6N°) where r < I; < r + ¢q. Clearly

|1 if sy =(r, 6N°_1,T)
p(s1,82) = { 0 otherwise

(5)



Case 2 - k orders outstanding, 1 < k < Ny

Let 51 = (ll,ﬁNO_k,tNo,k+1, ...,tN,) be the current M state, with
r—kq <ly <r—(k—1)q. The next order is due to arrive in time ty,_g+1. We
saw in section 4.1, case 2, that M will transition to one of

1. sg = (r— kq,(_)'ND_k_l,tNO,kH —ty...,tn, — t,7) , if the inventory level
decreases by l; —r+kq in time ¢ < tn,_k+1. This occurs with probability
density f(ly,7 — kq+ 1,t) (see appendix).

2. 80 = (I —d+q, 0N F tn  ho — tNg—kg1s s Ny — ENg—kt1) if the
inventory level decreases in time ty,_gt1 by d with d <l —r + kq. This
occurs with probability mass g(l1,d, tn,—k+1) (see appendix).

So p(s1,s2) is a mixed discrete continuous distribution, and is given by

p(s1,82) =

fly,r—kqg+1,t) ifsg=(r— kq,ﬁNﬂ*k’l,tNO_k_,_l —ty ..y tNy — 6, T)
with ¢ S tNofqul
gl d,tng—k+1)  ifs2=(l1 —d+q, 0Nty ko —ENg—kt1s- -5 N
with d <1y — 7+ kq
0 otherwise

Case 3 - Ny orders outstanding

The current state is s1 = (I1,%1,t2,...,tN,) With
r— Nog < lp <ly =r—(Nog—1)g. The next order is due to arrive in time
t1. Since A;, = 0, this M state will always transition to one with one fewer
outstanding orders. So we have

p(sla 32) =

g(l/, d, tNO,kJrl) if So = (l/ —d+ q,O,tQ —t1,... ,tNO — tl)
withd <l -1y and l' =r — (No — 1)q (7)
0 otherwise

5. Equilibrium distribution for embedded process M

The long-run distribution of the states of the embedded process M will have
a mixed discrete continuous distribution. It will be convenient to use different
symbols to represent contributions to the distribution.

Definition 5. For the embedded process M we define

A) (Order arrives) y(l,@NO) forr <1 <1+ q is the long-run probability mass
that M transitions to the state (Z,GNO) with no outstanding orders.

B) (New order placed) §(r,0No~1, 7) is the long-run probability mass that M
transitions to state (r,0No~1 7).

C) (New order placed) (1 — (k — 1)q, 0Y % tny paty - tNg—1,7),

— tNo—k+1)



for 2 < k < Ny, is the long-run probability density that M
transitions to state (r — (k — 1)q, 6N°_k,tNO,k+1, ceytNg—1,T)-
D) (Order arrives) y(1, 0% tn0 gi1y - tNg—1,tN, ),
for1<kE<Ny—1,r—kqg<l<r—(k—1)g andtn, <7,

s the long-run probability density that M

transitions to state (I, GNO_’“,tNO,kH? cestNg—1, NG )-

We see that for fixed t1, ... ,tn,—1, the distribution is continuous for tn, < 7
and discrete at ty, = 7.

We will proceed on a case-by-case basis to write the equilibrium euqgations
for the embedded process M.

Case 1 - (1,0N)

M state s = (Z,GNO) , 7 <1l < r+gq, can only be hit from states s’ =
(r, 6N0_17tN0) with ty, < 7. We use the transition probabilites from section
4.3, integrate the continuous contributions and add the discrete contributions
to obtain

i) = 3 / P, T ), (1, TV )y (1, 001, ) da
=0

U=l—q"%

+p((r7 6N0717 T)’ (l’ 6N0))g(r7 6N0717 T)

Z / g1 4+ q—Lx)y(l',0N 1 z)da
=0

X

'=l—q
+g(7’7 r+q— [ T):l)(ﬁ GNU_la T)

Case 2 - §(r, 6N°’1,7')

M state s = (r,0No~1, 7) can only be hit from states s’ = (1,0M) , r <1 <
r + q. Each of these states transitions to state (r,0No~! 7) with probability 1,
S0

r+q

gr, 0N )y = > g, 0™)
U'=r+1

Case 3 - g(r — (k — 1)q,6N°*k,tNo_k+1, ceytNg—1,T), for 2 < k < Ny

M state s = (r — (k — 1)q,6N°_k,tNo_k+1,...,tND_l,T), for 2 < k < Ny,
can only be hit from states s’ = (1,0 %1 ¢ 4t _py1,...,t 4+ ty,—1) with
tny—1 < 7andt <7T—tn,—1. This occurs when a new order is placed before an
outstanding order arrives. Summing and integrating contributions gives

y(r — (k—1)q, 6N°7k,tN0—k+1; e tNg—1,T)



r—(k—2)q

>

U'=r—(k—1)q+1
P 0Nt ety T ENp 1), )
* y(l,, 0N07k+1,$ +iNg—k+1,---, T+ tNo—l)

5

+
p((r = (k = 2)q,GNo~F+1,
(T - tNo*l) + tNo*lﬁ*la BRER) (T - tNo*l) + tNo*Q’ T)v 8)
x §(r— (k—2)q, 0N~
(T —tNg—1) + tNg—kt15- -5 (T = tNg—1) + ENy—2,T)
r—(k—2)q

>

U'=r—(k—1)q+1
fWr—(k=1)g+1,2) s y(l',0No=F+1 4 4 ENg—kt1s -+ s @+ ENg—1)

5

f(T— (k_Q)an_ (k_l)q—i—laT_tNo—l)
« g(r— (k —2)g, 0N~ F 1,

(T —tNg—1) + tNg—kt15 -+ (T —tNy—1) T ENg—2,T)

+

Case 4 - y(l,ﬁNO_k,tNo_kH, ce s tNo—1,tN, )y for 1 <k < Ny —2

M state s = (l,aNO_k,tNo,k+17 . ,tNofl,tNo), for 1 <k < Ng—2, Ing < T
and r—kq < I < r—(k—1)g, can only be hit from M states s’ = (I, ONo—h=1 ¢ t4+
ENg—ktls---stFHtNg—1,t+tn,), Withl — g <U' <r—kgand 0 <t < 7 —ty,.
This occurs when the order pending arrival in time ¢ arrives before the inventory
level decreases to the next reorder point at r — (k + 1)g. As above, summing
and integrating contributions gives

YL, 0Nk N ity ENg 1, ENG)



T—qu [/T—tNO{

l'=l—q =0
p((1, 0N Rt b bty gttty 1.t EN), S)
sy, 0N TR b bty gttt 1, EN)

5

+
p((r_kQ76N07k71a(T_tNo)v(T_tNo) +tN0—k+17"'a(T_tNo)+tN0—17T)7S)
* :IQ(’I"—kq,ONO_k_l,(T—tNO),(T—tNO)—|—tNO_k+1,...,(T—tNO)+tN0_1,T)
r—kq

T—tNO
> L
g U +q—1t) xy(l', 0N =Lttty psty s b+ Eng—1,t 4 )

g

glr—kq,r—(k—1)g— 1,7 —tn,)
x  glr— kg, ONo—k—1 (T —1tNg)s (T — tNg) F ENg—kt1s -5 (T —tNy) F ENg—1,T)

+

Case 5 - y(l,(_)'ND_k,tNo,kH, ey tNg—1,tNy )y fOr k= Ng — 1

These are states of the form s = (1,0,%q,...,tN,—1,tN, ), With tn, < 7 and
r—(No—1)g <1 <r—Ny—2)q. We observed before that there are no M states
with Ny outstanding orders with inventory level less that r — (Ny — 1)g. So
the states s can only be hit (when a pending order arrives) from M states s’ =

(r—(No—1)q, (T—tny ), (T—tNg ) Ftay .oy (T—1ENy) FENg—1, (T—ENy ) FEN, = T).
Similar to the previous case we find

y(l,o,tg, - ,tNo—l,tNO)

p((r— (No — 1)q, 7 — tng, (T —tng) + b2, oo, (T —tNy) + ENg—1,T)s S)
* yA(T - (NO - 1)(]77' _tNm (T - tNo) +t2>~ ) (T - tNo) +tN0*17T)

g(r — (No —1)g,m — (No — 2)g — I, 7 — tn,)
* Q(T - (NO - 1)q7T _tN())(T_tNo) +t27'-'7(7—_tN0) +tN0—1aT)

Normalization equation



The above equations have solutions y(), y() and g() which are only unique
up to a constant multiple. We are concerned with the average fraction of time
a(l) spent at an inventory level [. Solving the equilibrium equations for M up to
a constant multiple will suffice for that purpose. For completeness, however, we
present the normalization equation for the embedded process. By integrating
contributions from y(), y() and () over the state space of M we have

]_ =
r+q

> (t.0%)

U'=r+1
+ §(r, 0N 1)
No 17— (k L)q

tNg—k+2
tng=0 Jitny—1=0 tNg—k+1=0

kllrkq—i—l

y(l, (_)'No_k,tNO,k+1, e 7tN0717tN0>dtNofk+1 . dtNo}

tNg—1 tNg—k+2
LY |
tNg—1=0 Ng—2=0 tNg—k+1=0
Q(’F — (/ﬂ — 1)q,6N0_k,tN0,k+1, . 7tN0717T)dtN07k2+1 . ..dtNOl}

5.1. The equilibrium equations for M

We have just shown that the equilibrium equations for the embedded process
are

l.r<i<r+4gq

g(1,0MN0) = Z / (U1 +q—1x)yl',0No 2)de

l'=l—q

2.
r+q
g, 0Nty = Y7 g, 0™)
U'=r+1
(9)
3. 2 < k< NO



y(r— (k- 1)q76N°_k7fNo—k+1, sy tNg—1,T)

r—(k—2)q

> [

V=r—(k—1)g+1
FW,r—(k—1qg+1,2)*xy(l, 6N°7k+1, T F ENg—kt1ys - &+ INg—1)

5

f(T‘— (k_2>Q7T_ (k_l)q—i_l?T_tNO*l)
+ g(r— (k—2)q, 0N,
(T - tNo—l) + tNo—k-‘rh R (T - tNo—l) + tNo—Qa T)

+

(10)
4. 1<k<Ny—2,tn, <7Tandr—kqg<l<r—(k—1)q

YL, ONO R N a1y ENg—1 EN)

Tiq [/T—tNO {
l’=l—q x=0
g U +q—1t) xy(l', 0N =Lttty psty s b+ Eng—1,t 4 )

g

glr—kqr—(k—=1)g—1,7 —tn,)
x glr— kg, ONo—k=1 (T —1tNg)s (T —tNg) F ENg—kt1s -5 (T —tNg) F ENg—1,T)

(11)

+

5. tn, <Tand r— (Ng—1)g <l <r—Ny—2)q

y(l707t2a cee 7tN071;tN0)

g(ri(NO71)q7T7(N072)q7l7T7tN0)
* :IJ(T—(N()—1)q,T—tNO,(T—tNO)—|—t2,...,(T—tNO)+tNO_1,T)
(12)

10



6. Normalization

1=
r+q

> 9(,0™)

U'=r+1
+ (r, 0% )
No 1r= (k g tNg tNg—k+2
tng=0 Jtny—1=0 tNg—k+1=0

kllrkq-‘rl

y(l76N0_k7tN0,k+1, . 7tN071,tNO)dtN07k+1 e dtNO}

tN(J 1 tNO—k+2
Y |
tNg—1=0 Jiny—2=0 tNg—k+1=0
G(r — (k — 1)q, 0% Ny —h1s oy ENg—1, T) AN — o1 - ~dtN01}

(13)

6. Average fraction of time spent at an inventory level

Let w(l) denote the expected time per M state spent at inventory level [.
We can compute w(l) using the distribution for the embedded processes M and
the law of total expectation. After computing w(l), we can compute the average
fraction of time a(l) spent at inventory level [ as

w(l)
all) = — A\
RS SRTD "

We’ll proceed as before and break the situation into cases.

Casel-r<li<r+gq

Inventory level [ can only be hit in M states s = (l',GNO) with [ <U' <r+gq.
So applying the law of total expectation gives

r+q
w(l) = e((t',0N), (', 0M) (15)
U=l
Case 2 -r—kqg<l<r—(k—1)gfor 1 <k<Ny-—1

Level [ can only be hit in M states

11



1os = (I, 0N % tn_pa1y. s tng—1,tn,) with I < I/ < r — (k — 1)¢q and
tn, < T, and
2. 5= (T - (k - 1)q70N07k7tN07k+1a cee 7tN07177—)

So the total expected time per M state spent at level [ is

—(k— 1)q

tNng tNg—k+2
wll) / / 5 /
tNg=0 Jtny— 1—0 tNg—k+1=0

c((l’,ON0 ENg—k41s---tNg )5 1)
sy (U, 0N Ny kg1, )

AtNo—k+1 - - - dtN()}
/ /tNo 1 /tN0k+2
tNg—1=0 JiNg_2= 0 tNg—k+1=0
C((T - (k - 1)qﬂ 0N07k; tNo*k+17 e tNofl, T)v l)
«(r — (k= 1)q, 0% % tny g1, tng—1,7T)

dtN07k+1 . dtN()l}

(16)

Case 3-1, <I<r—(No—1)gfor 1<k<Ny-—1

Level [ can only be hit in M states s = (r — (Ng — 1)q, 1,2, ..., tNg—1,7)-

tng—1
S
c((r—(No —1)g,t1,t2, ..y tng—1,7),1)
*«g(r — (No — 1)g, t1,to, ..., tNg—1,T)
dtl...dtNol}

(17)

7. The case q=1

In this section we will solve the equilibrium equations for the case ¢ = 1
and find a closed form expression for a(l). Referring to the appendix we have
f(l,1,z) = Nie=N* and ¢(1,0,z) = e~ **. To make verifying the solutions more
convenient (we will leave out these details), we will rewrite the equilibrium
equations of M as

12



. Equation 0A

N B GUARNOTE
z=0
+e M Tg(r, 0N )
. Equation 0B
g(r, 0%~ ) = gr+1,0M)
. Equation 0C
T—1
y(r,@NO_l,t) = / e A1y (r — 1,072 2 2 + t)da
=0

—&—e_/\T‘*l(T_t)gJ(r —1,0MN0"2 7 —¢, T)
. Equation kB, for 2 < k < Ny — 2

Gr — (k—1),0%7% tn hir, s tng—1,7)

T—INg—1

— 0 )\ —)\,.,(k,mx

- r—(k—2)€
=0

*y(T — (k? — 2), 6N0_k+1,$ +tNg—k+1,Z + tNofl)d.Z’
+)\r_(k—2)e_’\“<k*2J(T_tNO*l)

(18)

(20)

xj(r — (k= 2), gNo—hFL (T —tNg—1) + tNg—kt1s - (T —tNg—1) + tNg—2,T)

(21)
5. Equation kC, for 2 < k < Ny — 2
y(r — (k‘ — 1),6N0_k,t]vo_k+1, R 7tN0—17tN(J)
—t
= [ e
=0
xy(r — k, oMokt 2 2+ tNo—k+1s--+, T +tN,)dT
+67)\T_k(T7tN0)
*Q(T —k, 6N07k71,7' —1tNy, (7‘ — tNo) +INg—k+1s5-- - (7’ — tNO) +INg—1, T)
(22)

6. Equation (Ny —1)B

:&(T - (NO - 2)707t23"'7tN071»7—)

13



T—INg—1

— ’ A —Ar—(Ng—3)T

= r—(No—3)€
=0

*y(?" - (NO - 3))3 Oa 0,z + to,x + tNo—l)dx
—i—)\rf(Nofg)e*/\“(NO*3>(TftN0‘1)
*:g(r - (NO - 3)a 07 0) (T - tNo*l) + t2a R (T - tNofl) + tN072’T)
(23)

7. Equation (Ny —1)C

y(r - (NO - 2)7Oat2a"'7tN0—17tN0)

= ’g(T— (No — 1)7T—tNO,(T—tNO)-‘rtg,...,(T—tNO)+tNO,1,T)
(24)

8. Equation (Ny)B

?(7‘ - (NO - 1)7t17t2a cee 7tN0—137—)

T—tNg—1

— Ao (Ng—
= / Ar—(No—2)€ (No-2)®
=0

*y(r - (NO - 2))a Oa r+t,r+ tNo—l)dJj
+>\r*(N0*2)€_A"'7(N0*2)(T_tNofl)
*:IQ('I" - (NO - 2)7 07 (T - tNofl) + tlv ERE) (T - tNofl) + tN()vaT)
(25)

It can be verified that the solutions to the above non-normalized equations
are

C

gir+1,0") = (26)

Hi:r—(NU—Q) Ai

g(l,t,7) = #

Hi:r—(N0—2) Ai
forr—(Ng—2)<I1<r (27)

- C

y(la t7 T) = —i-1 .

Hi:rf(Nof2) Ai
forr—(No—3)<I1<r (28)
y(r—(No—2),t) =C (29)

G(r — 0 ) Uy =

glr— (No —1),t,7)=C (30)

Remark: These equilibrium solutions do not depend on the times remaining
on outstanding orders.
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7.1. Ezxpected time per M state spent at inventory levels [
From the appendix, we have h(l,l,t) = )\%(1 — e~ Mt), Using this, and the
derivations of ¢(s,1) we find

% ifr<i<Ul

c((llvtlat2""7tN0)’l>: t

1 ifT’*(Nofl):l:l,
0 otherwise
(31)
Substitution of the formulas for ¢(s,!), (), y() and () into the equations
for w(l) found earlier, followed by direct integration and simplification yields

C
wr+1) = —mr )
Hi:’r}f(N()72) Ai
CTT‘—Z+1
w(l) =
(r =1+ DT (v A
forr —(No—3)<I<r (33)
CriNo—1
w(r—(No—2) = (No — DA (Np—2) )
Crho
w(r— (Nog—1)) = (N)! >

(36)

With §; = \; for i > r — (No — 1) and 3,_(n,—1) = 1 these equations can be
re-written as

—C (r++1)' HILIH (78:)

w(l) r+1
Hi:r—(No—l) Bi

(37)

Finally, we have

15

(I —eMivoti) i ' =l =7 —(k—1)and 1 <k < No—1



) = st )
i=ly, w1
(r7l1+1)! H;illJrl (78:)

r+1
Hi:rf(Ngfl) Pi

- 39)
r+1 (
Zr+1 { ﬁ Hi:j+1 (76:) }
j=r—(No—1) 1
o Hi:r—(No—l) Bi
1 r+1
e Z_ZII_L (75:) ;
) o (40)
r+1
2o r—(No—1) =1t :111 (T5i)

We notice that the equations do not depend on 3, _(n,—1). Therefore we can
write the final formula in terms of \; :

r+1

1
(r—=1+1)! H (TA:)
a(l) _ i=l+1 (41)
% o ﬁ (TA)
ey | IS

8. Application of the case g =1

We consider a system of two stores with continuous review buy-as-sold poli-
cies (1,1 and (rg,1). Each store has a lateral transshipment cutoff level ¢,,. If a
store’s inventory level is at least ¢,,, outgoing lateral transshipments are allowed
to the other store. The lateral transshipments take no time. The stores face
customer demand for one unit at a time, which is Poisson distributed with rates
Y. If a customer demand arrives when a store has no on-hand inventory, then
a transshipment from the other store is made if allowed, otherwise the sale is
lost.

Let f3; represent the fraction of time store ¢ has no on-hand inventory (1 =0
). The effective rates at which inventory level decreases are given by ( for m # n

)

TYm + Bnvn  Hl>cnm
A= Y H1<I<cp (42)
0 ifl=0
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We can compute 3, = a(0),, from the formulas for the average fraction of
time spent at inventory level 0.

ﬁm = a’(o)"b (43)
1 rm+1
vt 1L ()
_ =1 (44)
r4+1 1 ’r‘ﬁl
Z S — (TAm)
= | m =7+ DS
1 Cm—1 Tm+1
(rm +1)! IT ) TT 7O+ Badn)
m : =1 i=Cm
Fm = r+1 1 em—1 rm 1
> =+ 1)1 II &) IT 7O+ Bada)
=0 m — ] Ti=j+1 i=mazx(cm,j+1)
(15)

with m # n and the convention that an empty product equals 1. This gives
us two equations in two unknowns. We may solve for 81 and B2 (numerically or
otherwise) and then compute a(l);, from which we can obtain the costs (holding
costs, lost sales penalties, etc.) which are of interest for an inventory system.

9. The case when r = 2 and q = 2

We will solve the embedded equilibrium equations for the case when r = 2
and ¢ = 2, where A\g = 0 and A\; = A for ¢ > 1. The embedded equilibrium
equations are tractable in this case. We will be satisfied to solve them up to
a constant multiple. To ease calculations, we will choose §(2,0,7) = 1. We
also note that in this case we have (since Ao =0 ) ¢g(0,0,7 —t) = 1. Therefore
y(2,0,t) = §(0,7 — t,7) and y(1,0,t) = 0. In addition, from the appendix we
have f(2,1,z) = A2ze™ 77,

Rewrite the equation for §(0,¢,7) as

i0.67) = [ S L0+ f2 LT - 0(2,0.7)

T—1
= / Nae 50,7 — t — @, 7)dx + N2 (1 — t)e AT
z=0

T—t

2(t) = / N (1=t —2)e N Dy (1) de 4+ N1 — t)e N7
x=0

(46)

where z(t) = §(0,¢,7). By repeatedly differentiating z(¢) and substituting
t = 7 — t this equation can be reduced to the ordinary differential equation

17



, d? d*
0= 23 —52(t) + Z72(0) (47)

The general solution is z(t) = A + Bt + CeMV2 4 De= V2, Substituting
this and solving the resulting equations we can obtain:

1AV2(—2V2 4 3 + e V2)
= - (48)
2 eMV2Z_3412,9
B = 0 (49)
1 M2
= —= V2 (50)
2eMV2 34 2V/2
_ )\'r\/§
no_ Ll 4+ 3v2)Xe (51)
2 eATV2 3492

The values a(l) can be obtained by direct integration following the procedure
in section 6. The resulting formulas are complicated and we won’t display them
here.

10. Appendix

We review some useful results concerning sums of exponential random vari-
ables. Throughout this section L refers to the Laplace transform operator with
respect to time t.

10.1. Probability density of a sum of exponential random variables

Let {X;} be a collection of exponential random variables with rates ;.
Definition 6. Let X;, 1, = .12, X; with I < I

Definition 7. Define f(l2,11,t) to be the probablility density function of Xy, 1, .

Define f(lg,ll,s) to be L{f(l2,11,t)}(s), where L is the Laplace transform op-
erator with respect to t.

The density function of a sum of variables is a convolution, so the Laplace
transform becomes

flz,l,s) = ] ‘Ai (52)

When the A; are identical, f(l2,11,t) is an Erlang density. When all \; are
distinct, f(l2,l1,t) is given by

18



)\llei)qlt ifly =1y

lo Iy
flla,lh,t) = Z H (}\ )\j)\ ))\ie_’\
j— A

=l j=l1

J#i

A closed form for f(ls,11,t) is known for an arbitrary collection of A; [Amari and Misra 1997].

<

¢ if l1 > 15 (53)

10.2. Probability of decrease in inventory level before an order arrives

Definition 8. Suppose the inventory level is currently I’ and an order is due
to arrive in time t from now, with no orders arriving earlier. Define g(l,d, )
to be the probability that the inventory level decreases from [ to | —d in time t.

Define g(l,d, s) = L{g(l,d,t)}(s).
We have

/ Ne Mz ifd=0
g(l,d,t) = t o=t (54)
fll—d+1,z)e M= de ifd>1
=0

and so using the convolution property of the Laplace transform

1
ifd=0
_ A+ s !
— 1
A—ats i=l—d+1 Aits a

If all \; are distinct, direct integration of f;:() fll—d+1,z)e M—a(t=2) gy
gives the result
g(l,dt) =
e M ifd=0

Al ) — A\t —Aj—1t .
— ] (€ —e Nt ifd=1
<>\11 -\ ( )

! !
Aj Ai —Xit _ ,—Xi—at :
Z H <)\j_/\i)</\ld_/\i>(e e M=) ifd > 1

i=l—d41 | j=l—d+1
J#i

(56)

10.3. FEzxpected time spent in an inventory level before an order arrives

Definition 9. Suppose the inventory level is currently I’ and an order is due
to arrive in time t from now, with no orders arriving earlier. Let h(l',1,t) be
the expected time spent in inventory level 1,1 <1 during time t. Let h(I',1,s) =

L{r(l’,1,t)}(s).
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A time x is spent in level | when either A) Xy ;41 <t—x and X;; =z or
B) Xy 41 =t —x and X;; > z. Integrating these contributons gives us

R(l',1,t) = /t (zAe™7) </t_:c f i+ Ls)ds) dx

/ f,14+1,t—x) (x/ )\le_/\lsds> dx (57)

hl(l/a la t) + hZ(ll lﬂ t) (58)

hy and hs are convolutions, so we take the Laplace transforms of hy and ho
to get

l/
~ _ 1 Al i
he= o) s )
i=l+1
ll
~ 1 i
h = R —
2(8) (Al —|—8)2 izll_J[rl )\z+5 (60)

Summing gives the Laplace transform of h

= 1
- 1
M) = s HM - o)
l/
1 Ai
()\z+s) l+1>\ +s (62)

It can be verified either by applying the inverse transform L~! to h or by
integrating the equation for h(l’,1, t) directly that (for distinct A;) h has the form

h(l'1,t) =
t,ifl=1and Ay =0 (63)
1
" (1—e M) [if I =1"and A\ >0 (64)
1
)\ (1 _ e—)\l/,lt) + (ﬁ)(e_kl/flt _ €_>\l/t , lfl — l/ -1 (65)
I'—1 /=1 — AU
a a 1 — A\t 1 — At — A\t : /
Z H (1*6 )+(m)(6 v—e ) ,lfl<l*1
i=l+1 =141 ¢
]J#Z

(66)

Remark 10. Direct numerical calculation using the formulas f, g and h tends
to explode for distinct A\; when some \; are close together. Numerical inversion
of the Laplace transforms f, G and h avoids this problem.
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